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Let q be an odd integer, let τ be the order of 2 modulo q, and let
a be coprime with q. Finally, let s(a/q) :=∑τr=1 e(a2r/q). We prove
that |s(a/q)| can be as large as τ − c′ for a suitable constant c′ for
inﬁnitely many q, but that max(a,q)=1 |s(a/q)| is always bounded
from above by τ − c for a suitable positive constant c whose value
is considerably larger that any previously known. An upper bound
for min(a,q)=1 |s(a/q)| is also discussed.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction and results
Let q be an odd integer, let τ be the order of 2 modulo q, and let a be coprime with q. In this
paper we deal with bounds for the sum
s(a/q) :=
τ∑
r=1
e
(
a2r/q
)
, (1)
where e(x) := exp(2π ix). This sum is a special instance of the more general exponential sum s(χ) :=∑
r∈Hχ(r), where H is a multiplicative subgroup of a commutative ﬁnite ring R of order q, and χ is
an additive character of R . In spite of its non-generality, the exponential sum in (1) deserves a special
interest due to its relationship, for example, with the Linnik’s problem about the representability
of the even integers as sum of two primes and a ﬁxed number N (possibly small) of powers of
two. In a series of spectacular papers, Bourgain and co-workers [1–5] have proved that the upper
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the sum contains suﬃciently many terms with respect to the order of R . This general result proves
that |s(a/q)| is bounded by τ 1−δ for some δ > 0 whenever logτ  L, where L := log2 q and x
denotes the integer part of x. A considerably smaller cancellation is expected when this condition is
violated. In fact, Gallagher (see [7, Lemma 3]) proved that there exists a positive constant c such that
max
(a,q)=1
∣∣s(a/q)∣∣ τ − c, (2)
without giving an explicit value for it. More recently, J. Liu, M. Liu, and T. Wang have shown (2) with
any c < sin2(π/8) = 0.146 . . . (see [9, Lemma 4]). Upper bounds of type (2) with a constant c = c(ν)
are proved in [10] when q diverges along sequences for which the quotient τ/L is bounded from
above by any constant ν < 2. The best result the re is reached for sequences with τ ∼L for which (2)
is proved with c = c(1) = 1.7465 . . . + o(1). In that result the exact form of the remainder term can
be made explicit whenever the dependence of τ on L is known. For example, following the argument
in [10], it is easy to prove that for the numbers of the form q = 2mn−12n−1 (with m and n positive integers)
for which τ =mn and L= (m − 1)n, we have
max
(a,q)=1
∣∣s(a/q)∣∣ (τ − 1.7465+ 14 logτ
τ
)
· (2n − 1)8.5/τ 2 . (3)
In this paper we prove three results. The ﬁrst one is the following.
Theorem 1. There exist a positive constant c′ and a sequence of integers q → ∞ such that
max
(a,q)=1
∣∣s(a/q)∣∣ τ − c′ + O (1/q).
Moreover c′  2
∑∞
r=1 sin
2(π/2r) = 3.394 . . . .
This theorem has an elementary proof, however it is quite interesting since clariﬁes that a cancel-
lation of type (2) is essentially the best we can obtain in general, and the “race” here is to obtain the
largest value of c. Our second result follows this direction.
Theorem 2. For every q > 3, we have
max
(a,q)=1
∣∣s(a/q)∣∣< τ − ⌊ τ − 2L+ 1
⌋
− 1.
This theorem implies immediately the following result.
Corollary 1. If τ  κ(L+ 1) + 2 for a nonnegative integer κ and q > 3, then
max
(a,q)=1
∣∣s(a/q)∣∣< τ − κ − 1.
In particular, for all q > 3 we have
max
(a,q)=1
∣∣s(a/q)∣∣< τ − 1.
Remark. The assumption q > 3 is necessary for the truth of the claims in Theorem 2 and Corollary 1.
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κ  1, i.e., when τ  L+ 3. Since τ is always greater than L, the unique cases not covered by the
corollary are τ = L + 1 and τ = L + 2. It can be proved that τ = L + 1 iff q = 2m − 1 (and then
τ = m), and that τ = L + 2 iff q = 4m−13 (and then τ = 2m). These sequences are of the form for
which we have (3), the ﬁrst case corresponding to the choice n = 1 and the second one to n = 2,
hence the following result immediately follows.
Corollary 2. For all q, we have
max
(a,q)=1
∣∣s(a/q)∣∣< τ − 1.7465+ 17 logτ
τ
.
The claim in Corollary 2 is non-trivial for τ  35.
To understand and highlight the strong dependence of |s(a/q)| from a for a ﬁxed q, it is interesting
to compute upper bounds also for min(a,q)=1 |s(a/q)|. In effect, it is easy to prove that the absolute
value of s(a/q) can be as small as
√
τ logτ : in fact,
q−1∑
a=0
∣∣s(a/q)∣∣2 = τ−1∑
n=0
τ−1∑
m=0
q−1∑
a=0
e
((
2n − 2m)a
q
)
= qτ (4)
since for 0 n,m τ − 1 the condition 2n = 2m (mod q) implies n =m. Consequently,
qτ 
∑
(a,q)=1
∣∣s(a/q)∣∣2  ϕ(q) min
(a,q)=1
∣∣s(a,q)∣∣2. (5)
And since ϕ(q)  q/ log logq and τ  logq, from (5) we get
min
(a,q)=1
∣∣s(a,q)∣∣√τ q
ϕ(q)
√τ logτ . (6)
For integers q for which 2τ /q increases with q very weakly we can improve the previous result a bit
using higher moments. In fact, we prove the following
Theorem 3. Suppose that q > 2e
e
and that τ  L + H(L), for some non-decreasing function H(x) with
H(x)  log log x for all x > e. Then
min
(a,q)=1
∣∣s(a/q)∣∣H √τ H(τ ),
where the implicit constant depends only on supx>e
log log x
H(x) .
This theorem improves the bound in (6) when H(x) = o(log x) and gives its strongest conclusion
when H(x)  log log x.
Remark. The numbers q of the form 2
mn−1
2n−1 have τ = L+ n and L= (m − 1)n, therefore they satisfy
the hypothesis of the previous theorem whenever n H(m − 1).
The sum s(a/q) has an algebraic meaning. In fact, let Q[q] be the cyclotomic ﬁeld of the qth roots
of unity and let Q2[q] be the subﬁeld of Q[q] ﬁxed by the automorphism σ deﬁned by σ(ζ ) = ζ 2,
where ζ is any primitive qth roots of unity. Then s(a/q) coincides with the value of the trace
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of s(a/q) to 0 is independent of the embedding, and hence of a. This means that Theorem 3 is
uninteresting for those q for which trQ[q]/Q2[q](ζ ) = 0. Actually, to have trQ[q]/Q2[q](ζ ) = 0 it is nec-
essary to have μ(q) = trQ[q]/Q(ζ ) = 0; thus, it is impossible to have s(a/q) = 0 when q is squarefree,
and it seems that most of the numbers considered in Theorem 3 are indeed squarefree. A heuristic
argument in favor of this remark is the following: let p be a non-Wieferich prime (i.e., such that
2p−1 = 1 (mod p2)), then 2m = 1 (mod p2) implies that τp p|m, where τp is the order of 2 mod-
ulo p. Hence, the number of non-squarefree Mersenne numbers 2m − 1 with m  x is bounded by∑
p<xx/τp p +
∑
p<x
p Wieferich
x/τp  x[∑p<x 1/τp p +∑ p<x
p Wieferich
1/τp]; it is known that the ﬁrst
series converges to a constant c < 0.32 (for example, see [11, Eq. (3.41)]). Suppose that the Wieferich
primes be such a sparse sequence that the second series converges to a constant c′ < 0.68 (see [8]);
then 2m − 1 with m  x is squarefree (1 − c − c′)x times, at least. This argument is only heuristic,
at present being not known any result about the cardinality of the set of the Wieferich primes. Nev-
ertheless 1093 and 3511 are the unique Wieferich prime below 6 × 1015 (see [6]), thus it is quite
probable that this set be very poor.
This argument allows us to consider Theorem 3 as non-trivial, at least under this point of view.
2. Proofs
Theorems 1–3 are essentially independent, we give their proofs in three distinct sections.
2.1. Proof of Theorem 1
Let q := 2m − 1, for which τ =m, and m → ∞. We have
∣∣s(1/q)∣∣ Re(s(1/q))= τ−1∑
r=0
cos
(
2π2r/q
)= τ − τ−1∑
r=0
(
1− cos(2π2r/q)).
The claim, therefore, is an upper bound for the previous sum. We have
τ−1∑
r=0
(
1− cos(2π2r/q))= − τ−1∑
r=0
+∞∑
n=1
(−1)n
(2n)!
(
2π2r
q
)2n
.
Changing the order of summation we have
= −
+∞∑
n=1
(−1)n
(2n)!
(
2π
q
)2n τ−1∑
r=0
4nr
= −
+∞∑
n=1
(−1)n
(2n)!
(
2π
q
)2n 4nτ
4n − 1 + O
( +∞∑
n=1
1
(2n)!
(
2π
q
)2n 1
4n − 1
)
= −
+∞∑
n=1
(−1)n
(2n)!
(2π)2n
4n − 1
(
2τ
q
)2n
+ O
(
1
q2
+∞∑
n=1
1
(2n)!
(2π)2n
4n − 1
)
= −
+∞∑
n=1
(−1)n
(2n)!
(2π)2n
4n − 1
(
q + 1
q
)2n
+ O
(
1
q2
)
.
We write the series as Σ1 + Σ2 + Σ3, with
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+∞∑
n=1
(−1)n
(2n)!
(2π)2n
4n − 1 ,
Σ2 := −
∑
n<q
(−1)n
(2n)!
(2π)2n
4n − 1
[(
q + 1
q
)2n
− 1
]
,
Σ3 := −
+∞∑
n=q
(−1)n
(2n)!
(2π)2n
4n − 1
[(
q + 1
q
)2n
− 1
]
.
We notice that ex − 1  x on compact sets, independently of x, hence (1+ 1q )2n − 1 e2n/q − 1  n/q
for n  q, and therefore
|Σ2| 
∑
n<q
1
(2n)!
(2π)2n
4n − 1
n
q
 1
q
.
In similar way, we have
|Σ3|
+∞∑
n=q
1
(2n)!
(2π)2n
4n − 1 e
2n/q;
this series is bounded by
∑+∞
n=q
(be1/q)n
n! for a suitable positive constant b independent of q, hence
|Σ3|  b
qebe
1/q
q! d
1
dq
for every d > 1. To complete the proof we prove that Σ1 = 2∑∞r=1 sin2(π/2r). In fact,
Σ1 = −
+∞∑
n=1
(−1)n
(2n)!
(2π)2n
4n − 1 = −
+∞∑
n=1
(−1)n
(2n)! (2π)
2n
∞∑
r=1
1
4rn
;
the double series converges absolutely, hence we can change the order of summation, obtaining
= −
∞∑
r=1
+∞∑
n=1
(−1)n
(2n)!
(
2π
2r
)2n
=
∞∑
r=1
(
1− cos(2π/2r)),
which is the claim.
2.2. Proof of Theorem 2
For the proof of this result we need some preliminary lemmas.
Lemma 1. Suppose ζ = e(θ) for some real θ , with Re(ζ ) 0 and ζ 3 = 1. Then
∣∣ζ 2 − 1∣∣< |ζ − 1| or ∣∣ζ 4 − 1∣∣< ∣∣ζ 2 − 1∣∣.
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∣∣ζ 2 − 1∣∣ |ζ − 1| and ∣∣ζ 4 − 1∣∣ ∣∣ζ 2 − 1∣∣.
Then
|ζ + 1| 1 and ∣∣ζ 2 + 1∣∣ 1.
The ﬁrst inequality gives |cos(θ/2)| 1/2 so that cos(θ) = 2cos2(θ/2) − 1−1/2, while the second
inequality gives |cos(θ)| 1/2. Since cos(θ) is not positive, we conclude that cos(θ) = −1/2, so that
ζ 3 = 1. The contradiction proves the claim. 
Lemma 2. Suppose ζ = e(θ) for some real θ . Then the double inequality |ζ 4 − 1| < |ζ 2 − 1| < |ζ − 1| is false.
Proof. By absurd, suppose that |ζ 4 − 1| < |ζ 2 − 1| < |ζ − 1|. Then ζ = 1 and the inequalities can be
written as |ζ 2 + 1| < 1 and |ζ + 1| < 1. The ﬁrst inequality gives |cos(θ)| < 1/2 and the second one
that |cos(θ/2)| < 1/2 implying that cos(θ) = 2cos2(θ/2) − 1 < −1/2. The contradiction proves the
claim. 
Lemma 3. Let (a,q) = 1 and q > 3. Then, for every integer m  0 there exists an integer l with m < l 
(L+ 1) +m and such that
∣∣∣∣e
(
2la
q
)
− 1
∣∣∣∣<
∣∣∣∣e
(
2l−1a
q
)
− 1
∣∣∣∣. (7)
Proof. Suppose m = 0. If Re(e(2La/q))  0 for certain 0  L  L − 1, then, by Lemma 1 with ζ =
e(2La/q) one can take l = L + 1 or l = L + 2. Hence we can assume that Re(e(2La/q)) > 0 for all
0 L L− 1. Let us write e(2L−1a/q) = e(θ) with |θ | < 1/4. Then the numbers
e
(
2la
q
)
, 0 l L− 1
are equal to
e
(
θ
2k
)
, L− 1 k 0.
In particular, e(a/q) = e(θ/2L−1) and hence
1
q

∣∣∣∣ θ2L−1
∣∣∣∣< 12L+1 < 1q ,
a contradiction, so that the statement is proved when m = 0. The claim for a generic m comes from
this case with 2ma/q in place of a/q. 
We are now able to prove our second theorem. For a ﬁxed pair of coprime integers a and q let us
call an integer l reductive if (7) holds. Let l0 be a ﬁxed positive integer such that
∣∣∣∣e
(
2l0a
q
)
− 1
∣∣∣∣= minl0
∣∣∣∣e
(
2la
q
)
− 1
∣∣∣∣;
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s(a/q) =
l0+τ−2∑
l=l0−1
e
(
2la
q
)
.
We divide the range of summation into the following segments of consecutive integers:
l0 − 1, l0,
l0 + 1, . . . , l0 + (L+ 1),
l0 + (L+ 1) + 1, . . . , l0 + 2(L+ 1),
· · ·
l0 + (κ − 1)(L+ 1) + 1, . . . , l0 + κ(L+ 1),
l0 + κ(L+ 1) + 1, . . . , l0 + τ − 2,
where
κ :=
⌊
τ − 2
L+ 1
⌋
.
Let ζ := e(2l0−1a/q). The deﬁnition of l0 implies that |ζ 2 − 1| |ζ − 1|. This inequality is strict, since
otherwise we have |ζ + 1| = 1 so that ζ 3 would be equal to 1 which is impossible since q > 3 and
is odd. The strict inequality proves that l0 is reductive. According to Lemma 3 every consecutive row
possibly safe from the last one contains at least one reductive integer. Hence the range of summation
contains at least κ + 1 distinct reductive integers. If l is such an integer, then
∣∣∣∣e
(
2l−1a
q
)
+ e
(
2la
q
)∣∣∣∣=
∣∣∣∣e
(
2l−1a
q
)
+ 1
∣∣∣∣= |e(
2la
q ) − 1|
|e( 2l−1aq ) − 1|
< 1.
Moreover, l and l − 1 cannot be both reductive, by Lemma 2, therefore
∣∣s(a/q)∣∣< τ − 2(κ + 1) + (κ + 1) = τ − κ − 1,
as claimed.
2.3. Proof of Theorem 3
Let T (q;k) be the number of solutions of the congruence
k∑
i=1
2ni =
k∑
j=1
2mj mod (q), (8)
with 0 ni,mj  τ − 1 for every i, j. Then
T (q;k)  2
τ
(ρτk)k (9)
q
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k∑
i=1
2ni =
k∑
j=1
2mj + wq, (10)
for some integer w . Suppose w  0, then w  1q
∑k
i=1 2ni  k2
τ−1
q . The number of representations of
any integer  as sum of k powers of 2, i.e. the cardinality of the set
{
(n1, . . . ,nk) ∈Nk:
k∑
i=1
2ni = 
}
is  (ρk)k , independently of , where ρ is an explicit constant whose value is known but is es-
sentially irrelevant here (see [10]). Hence, for every choice of m1, . . . ,mk and of w  0, there are
 (ρk)k solutions of (10). Since we can choose m1, . . . ,mk and w  0 in τ k k2τ−1q ways, there are
 τ k k2τ−1q (ρk)k solutions of (10) with w  0. The same bound holds when w  0 (it is suﬃcient to
move w to LHS in (10) and exchange the role of n js with that one of mjs), therefore (9) is proved.
Now we consider the 2kth moment of s(a/q), i.e. the sum
∑q−1
a=0 |s(a/q)|2k . Opening this sum as we
done in (4) we have that
q−1∑
a=0
∣∣s(a/q)∣∣2k = qT (q;k)
so that
ϕ(q) min
(a,q)=1
∣∣s(a,q)∣∣2k  qT (q;k).
By (9) we get that
min
(a,q)=1
∣∣s(a,q)∣∣ (2τ
q
)1/2k( q
ϕ(q)
)1/2k√
ρτk,
i.e.,
min
(a,q)=1
∣∣s(a,q)∣∣ (2τ
q
)1/2k
(logτ )1/2k
√
τk, (11)
uniformly in k. We get the claim in Theorem 3 by setting k = H(τ ) in (11), since then both
(logτ )1/2k = 2(log logτ )/2H(τ ) and ( 2τq )1/2k  2H(L)/2H(τ ) are bounded by a constant depending only
on the function H (for the second claim we use the inequality L< τ and the assumption about the
non-decreasing behavior of H).
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